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I.  INTRODUCTION 


This  report  is  the  third  in  a  series  reporting  investigations  into 
the  use  of  statistical  correlation  techniques  in  combining  the  voltages 
induced  on  the  elements  of  a  receiving  antenna  array.  Previous 
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report *  have  dealt  with  the  use  of  correlation  methods  in  analyz¬ 
ing  a  normal  linear  array  and  with  the  employment  of  nonlinear  pro¬ 
cesses  in  the  antenna  circuitry.  The  present  report  continues  the 
analysis  of  the  nonlinear  processes  in  these  arrays  when  both  signal 
and  distributed  noise  sources  are  present. 

The  signal  and  noise  sources  induce  voltages  on  the  elements  of 
a  linear  antenna  array*  These  voltages  are  then  combined,  using 
summation  and  multiplication  methods,  to  produce  a  single  array  out¬ 
put  voltage.  When  two  voltages  are  multiplied,  and  then  are  passed 
through  an  averaging  device,  the  resulting  voltage  corresponds  to 
the  statistical  correlation  coefficient: 

R(r)  =  lim  J=  C  v(t)  v  (t*r)  dt. 

T— >oo  61  J-T 

For  this  reason,  analysis  of  antenna  arrays  in  which  multiplication 
occurs  is  facilitated  by  the  powerful  tools  of  probability  theory. 

In  this  report  the  effect  of  distributed  noise  is  analyzed,  resulting 
in  an  expression  for  element  spacing  which  will  minimize  the  undesired 
noise  voltage  induced  on  the  array.  Channel  capacities  of  linear  and 
of  nonlinear  arrays  are  then  compared.  These  results  are  employed 
to  construct  nonlinear  arrays  which  will  optimize  the  signal -to-noi&e 
ratio  or  will  provide  a  minimum  beamwidth  in  the  antenna  directional 
pattern. 

II.  EFFECT  OF  DISTRIBUTED  NOISE  ON  THE  NONLINEAR  ANTENNA 

SYSTEM 

The  following  assumptions  will  be  made: 

1.  uniform  distribution  of  independent  random  noise  sources; 

2,  noise  sources  in  an  element  d£2  induce  a  noise  power 
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rjdSl  watts/ cps  in  an  isotropic  antenna  element; 

3.  antenna  element  and  associated  circuitry  have  a  rectangular 
passband  of  bandwidth  BP  center  frequency  f  ,  with  fQ»  B. 
Then  the  autocorrelation  function  of  the  noise  voltage  induced 
on  an  antenna  element  is 
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where  R  (0)  represents  the  average  noise  power. 

With  two  identical  isotropic  elements  9  separated  by  a  distance 
dp  the  voltage  induced  on  one  element  by  the  noise  sources  in  an 
angular  area  dfi  differs  from  that  induced  on  the  second  antenna 
element  only  by  a  delay  time  t. 


The  same  average  power,  R^(0),  is  induced  on  each  element. 

The  autocorrelation  coefficient  of  the  noise  voltage  on  each  element 
is  the  same. 

The  cross-correlation  coefficient  becomes: 

=  ^t)x^('t+T  +  s) 
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This  can  be  integrated  to  yield: 

*12fs)  =4Rn(0)  OT  {Si[^+l)(Z“  +  ^Bs)]-Si[(k+l)(^^  +trBs)] 

-Si  [(k-l)(^  +  .irBs)]  +  Si[(k-1)(^^  +  ttBs)]} 
co 

where  k  =  -g-  and  Si(x)  is  the  sine  integral. 

By  the  symmetry  of  the  integrand  and  of  the  range  of  int  egration 
it  is  evident  that 


4j21(s)  =  x2(t)x1(Hs)  =  x^t+T  )xj(t+s)  -  ^l2(s) 


Under  the  usual  conditions  of  f^»  B,  and  for  other  than  very  close 
element  spacings,  this  expression  for  the  cross-corr elation  coefficient 
can  be  considerably  simplified.  Under  these  conditions,  approximate 
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Si(x)  by  ^  -  — - - -  ,  and  ,  after  some  manipulation,  find 
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Since  in  most  cases  k»l,  while  d,  at  the  most,  is  a  few  wavelengths, 

tt33c1  -jrBd 

the  last  factor,  sin(— ),  will  have  very  little  influence  on 
the  expression;  and  the  cross-corr elation  coefficient  can  be  considered 

b  d  a>  d 

to  be  a  function  of  sin(*~-  )/ (  ).  It  should  be  remembered  that 

the  approximation  used  to  simplify  the  sine  integrals  in  the  original 
equation  is  not  valid  for  small  values  of  element  spacing,  d;  and, 
in  the  event  of  close  element  spacings,  calculation  of  the  cross-cor™ 
relation  coefficient  would  require  use  of  the  exact  equation. 

Calculation  of  noise  voltage  and  noise  power  present  at  the 
output  of  a  simple  nonlinear  array  will  demonstrate  the  considerations 
which  must  enter  into  a  specification  of  antenna  element  spacing. 

Take  for  example  a  four* element  array: 


The  noise  sources  are  assummed’to  be  uniformly  distributed  over  the 
surface  of  a  unit  sphere  surrounding  the  array,.  Then  the  average 
value  of  output  voltage,  Y (t),  becomes: 

=  V(t)  = 

f 

~  Rn^T12^Rn*T34^  +  Rn^T13'lRn^T  24^  +  Rn* T  14^Rn^T  23* 

Then,  as  shown  in  a  previous  section,  the  average  value  of  output 
power  is:  ^ 

Y(t)2"  =  ~  f  (1  -1)  V(t)V(t+s)  ds 
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Bull,  with  four  elements, 


=  n^t  Jn  2(tTn3(tTn4(tln1(tI+  s  t+  s)n  s)n^(t+  s) 

And,  when  expressed  as  multiples  of  the  correlation  coefficients 
of  the  element  noise  voltages,  this  results  in  an  equation  with  some  105 
terms.  However,  its  spacings  are  selected  to  make  4^j(s)  =  0, 

(i  ^  j),  then 

V(t)V(t+s)  =  [^n(s)]4  =  Rn(0)4(s-i^^}4  cos4  w0s 

and  the  output  power  can  be  readily  evaluated  .  Spacings  which  give  this 
result  are  multiples  of  a  half-wavelength  at  the  center  frequency,  f 

Since  the  cross- correlation  coefficients . can  assume  both 
positive  and  negative  values,  it  is  conceivable  that  some  decrease 
in  output  noise  power  could  be  realized  by  appropriate  changes  in 
element  spacings  after  a  study  of  the  complete  expression  for  V(t)V(t+s)' 
under  the  existing  conditions  of  noise  source  distribution.  However, 
the  above  method  of  considering  all  cross-correlation  coefficients 
as  zero  gives  a  quick  evaluation  of  output  power  which,  by  the  very 
nature  of  the  sin  x/x  function,  is  subject  only  to  minor  modification 
by  more  detailed  considerations. 

This  development,  of  the  output  noise  power  from  a  nonlinear 
array  does  not  give  the  complete  description  of  the  operation  of 
this  type  of  array  when  it  is  used  to  detect  a  signal  buried  in  a 
general  noisy  medium.  Because  of  the  multiplicative  operations 
performed  in  the  antenna  circuitry,  there  will  be  an  interaction 
between  signal  and  noise  which  can  appear  as  an  undesired  component 
of  the  output  voltage. 

This  interaction  will  be  shown  by  considering  a  simple  two- 
element  correlation  array.  Assume  a  single  signal  cource  induces 
a  voltage  which  is  in  phase  on  each  element,  and  a  uniform  spherical 
distribution  of  noise  sources  induces  undesired  noise  voltages  on  the 
elements. 
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Then 


Y(t) 

vx(t)  =  S(t)  +  n^t) 

V2(t)  =  S(t)  +  n2(t)  =  S(t)  +  n^t  +  t12). 

Y’(t)  =  +  n2W  +  n^(t)n2(t) 


=  S  (t)  +  Rn(r12)  =  S  (t)  +  +12(0) 

If  the  element  spacing  is  chosen  (multiple  of  a  half  wavelength)  to 
make  4^2^  =  o,  then  the  voltage  in  the  output  circuit  due  to  the 
signal  is 

?it)  =  £?r«. 

Noise  power,  N,  in  the  output  circuit,  can  be  determined  from 
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=  ^  |  mW+Z)  ]  ds 
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+  n2(t)h2(t+s)  ]+  n1(t)h2ft)h1(t+'s,)h2(t+s)  -  S  (t)S  "(t)  }  ds 
retaining  only  terms  whose  expectations  are  nonzero. 


-6- 


If  the  signal  voltage  induced  on  a  single  element  is  a  simple 
sinusoid,  S  =  A  cos  wt,  then  the  s.ignal  voltage  in  the  output  circuit 
is 

"WT  =  \  a2. 

The  signal  power  in  the  output  circuit  is 
P  =1  A4. 

and  the  noise  power  is 


-  ±){  (A2  cos  u>s)(fy  0) 


sin  irBs 
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Since  f  ».I^,  the  ac  component  of  the  noise  will  be  essentially  zero 
in  averaging  times  such  that  BT>1.  So  only  the  low  frequency  component 
of  the  noise  power  in  the  above  equation  need  be  considered. 
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For  large  values  of  BT,  this  can  be  approximated  by 


N 


A2Rn(0)  1  ,  Rn(0)2  1 

T  BT  +  ™~Z  BT 


So  the  noise  power  appears* not  only  as  a  result  of  the  noise  sources 
alone  (last  term)  but  also  as  a  result  of  the  interaction  or  signal 
and  noise  voltages  (middle  term). 

This  total  noise  power  resulting  from  the  interaction  of  signal 
and  noise  voltages  may  well  be  greater  than  that  caused  by  the  noise 
sources  alone.  For  this  two-element  nonlinear  array  and  under 
conditions  of  unity  signal-to-noise  ratio  on  an  individual  element, 
the  total  noise  power  resulting  from  the  cross  multiplication  is 
twice  the  noise  power  caused  by  the  noise  sources  alone. 

Nonlinear  arrays  of  this  same  type  (combining  network  composed 
of  produce  circuits  only),  but  with  greater  numbers  of  elements,  will 
have  additional  noise  power  terms  resulting  from  this  cross 
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multiplication  of  signal  and  noise  voltages.  This  is  summarised  in 
the  following  table.  In  this  table,  the  level  of  multiplication  refers 
to  the  number  of  times  the  voltage  induced  on  an  element  undergoes 
multiplication  before  reaching  the  output  circuit. 
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VI.  NONLINEAR  ANTENNAS  AND  CHANNEL  C  APACITY 


A  direct  comparison  of  the  effect  on  channel  capacity  of  the 
linear  and  nonlinear  antennas  is  complicated  by  the  change  in 
dimensionality  of  the  message  space  effected. by  the  multiplicative 
and  averaging  processes,  A  comparison  is  possible,  however,  between 
the  nonlinear  antenna  system  and  a  linear  antenna  with  an  associated 
square  law  circuit.  The  signal -to-noise  ratios  in  the  outputs  of 
these  two  systems  can  show  the  effectiveness  of  the  nonlinear  antenna 
system  as  related  to  the  familiar  linear  antenna  system. 

Consider  an  antenna  array  of  p  elements,  spaced  so  the  random 
noise  voltages  induced  on  any  two  elements  are  uncorrelated.  Then, 
if  b  is  the  voltage  induced  on  each  element,  by  a  signal  cource  in  the 
main  lobe,  and  eu  is  the  random  noise  voltage  induced  on  the  i~th 
element,  the  voltage  from  the  linear  array  is 


After  squaring  and  averaging 

^ =  P^  +  pR-n(°)- 


But  if  these  p  elements  are  split  into  two  groups  of  p^  and  elements 
respectively  (p^  +  p^  =  p),  and  the  voltages  of  these  two  Sub-arrays 
are  multiplied  and  averaged,  the  output  of  this  nonlinear  array  become  s: 


NL 


=  (Pxs  +  ^  n.)(p2s  +  n. 


f2 

m)  = 


~~Z 
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The  noise  power  in  the  output  of  each  system  will  depend  on.  the 
type  of  signal  source.  Two  such  sources  will  be  examined:  (1)  a  ran¬ 
dom  signal  source  with  a  Gaussian  distribution,  and  (2)  a  simple 
sinusoid,  s  =  A  cos  ut.  Then,  in  terms  of  the  signal-to-noise  power 
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1,  s  Qaussian. 
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where  (-^)  ^  refers  to  the  signal-to-noise  power  ratio  induced  on  a 
single  element  of  the  array,  and  (-5.)  refers  to  the  signal-to-noise 
power  ratio  at  the  output  of  the  antenna  array  combining  circuit. 

When  the  signal-to-noise  ratio  and  the  number  of  elements  are 
such  that  their  product  is  large  [p(-~)  ^  »  l],  the  output  signal-to-noise 
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ratio  is  approximately  the  same  for  both  arrays: 


out  *  BTW  inlz)' 

In  this  case,  the  channel  capacity  would  be  expected  to  be  the  same 
for  both  arrays  if  the  same  number  of  elements,  p,  were  used  in 
each. 

When  the  signal-to~noise  ratio  and  the  number  of  elements 
are  such  that  their  product  is  small  £p(~)  ^n«  the  output  signal- 
to-noise  ratios  become: 

Linear  Array  (|)  Qut  «  BT(|)^  (p2) 

z 

Nonlinear  Array  {§)  Qut  *  BT'ifr^in  (f‘) 

Now  the  channel  capacity  of  a  nonlinear  array  is  not  so  great  as  that 
of  a  linear  array  with  the  same  number  of  elements,  p. 

This  analysis  has  tended  to  ignore  one  very  important  aspect 
of  the  nonlinear  array0  The  average  output  voltage  of  the  linear 
array  (Yj J  will  contain  a  component  proportional  to  the  signal  and 
a  component  proportional  to  the  noise;  the  average  output  voltage  of 
the  nonlinear  array  (Yj^)  bas  no  component  which  is  independent 
of  the  signal.  This  emphasized  the  real  difference  between  the  linear 
and  nonlinear  arrays;  the  nonlinear  array  will  generally  be  capable 
of  a  smaller  channel  capacity  than  the  linear  array,  but  in  the  final 
output  voltage  the  effect  of  the  random  noise  sources  can  be  made 
arbitrarily  small  in  the  nonlinear  array,  while  this  is  not  possible 
in  the  linear  array. 
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VIL  DESIGN  OF  NONLINEAR  ARRAYS 


A.  Basic  Considerations 

The  proceeding  analyses  form  the, basis  for  certain  conclusions 
regarding  the  employment  of  antenna  arrays  which  utilize  nonlinear 
processes  in  the  combining  network: 

lf  Random  noise  voltages  induced  on  the  antenna  elements  can 
be  reduced  to  any  desired  level  by  proper  element  spacing  and  by 
averaging  for  a  sufficiently  long  interval.  Noise  power  is  approxi¬ 
mately  inversely  proportional  to  the  averaging  interval*  BT. 

2.  Cross  multiplication  processes  in  the  antenna  circuitry  will 
introduce  additional  noise  terms  resulting  from  interaction  of  signal 
and  noise  voltages,  of  different  noise  voltages,  or  of  different 
signal  voltages.  These  added  noise  terms  attain  their  minimum 
values  when  the  level  of  multiplication  is  limited  to  one. 

3.  When  the  level  of  multiplication  is  greater  than  one,  the 
interaction  of  two  or  more  independent  signal  sources  will  introduce 
components  in  the  output  voltage  which  cannot  be  reduced  by  averaging. 

4.  The  examples  of  nonlinear  antennas  co nsidered  have  demon¬ 
strated  directional  patterns  with  main  lobes  significantly  narrower  than 
those  obtainable  from  linear  arrays  of  the  same  size. 

5.  The  nonlinear  array  is  not  always  efficient  in  a  general 
communication  system,  but  offers  particular  advantages  to  a  system 
in  which  narrow  beamwidth  is  paramount. 

These  general  conclusions  will  be  the  basis  for  the  design  of 
nonlinear  antenna  arrays.  The  difficulties  which  arise  when  the 
level  of  multiplication  exceeds  one  outweigh  any  apparent  increase 
in  directivity  which  might  be  obtained.  Therefore,  the  combining 
network  will  be  a  combination  of  addition  and  multiplication  circuits, 
with  the  level  of  multiplication  limited  to  one. 
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B.  Products  of  Linear  Arrays.  ^ 

If  we  consider  a  uniform  array  of  n  equally  spaced  isotropic 
elements,  the  simplest  type  of  nonlinear  antenna  which  can  be  con  -  . 
structed  (with  level  of  multiplication  equal  to  one)  is  that  in  which 
the  elements  are  formed  into  two  linear  arrays  whose  output  voltages 
are  then  multiplied  and  averaged.  There  are,  of  course,  a  number 
of  different  combinations  of  the  elements  which  can  be  realized  in 


d2 


For  two  groups,  containing  and  elements  respectively,  so  that 
n=^n^  +  n^,  and  with  spacings  between  elements  and  d^  between 
group  centers,  the  directional  patterns  can  be  written: 

sin  xx1(4>/  2) 

Pn1(l*j)  =  npaswnr 

sin  n2(ijj/  2) 

Pn.j^  h^  sin  (ip/  2i)' 

and  /sinn^(4j/2)  \  /sin  \ 

Pn^  yn^  sin  JTf>T2)J ^ cos  4^) 

^  Welsby,  V.  G.  ,  and  Tucker,  D.  G.  ,  “Multiplicative  Receiving 
Arrays,  "  Jour.  British  IRE,  pp  369-382,  June  1959 
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The  two  parameters  controlling  P^(  40  are 

1,  the  total  number  of  elements,  and 

2.  the  number  of  elements  in  one  of  the  groups. 

P^(40  is  equal  to  unity  when  vjj=  0.  Each  term  in  the  expression 

for  P_^(4j)  will  introduce  zeros  into  the  directional  pattern.  The  first 
and  second  terms  will  have  zeros  equally  spaced  along  the  ^-sixis  at 
intervals  of  2rc / n^  and  2ir /n^  respectively.  There  are  [ 
such  zeros  between  =  0  and  4,=2^-  Assuming  there  is  no  overlapping 
of  the  two  groups,  d^/ d^  =n/  2;  the  final  term  in  the  directional 
pattern,  cos^^/d^ijj  =  cos  ntylZ,  has  n  zeros  in  the  interval  between 
vjj  =  0  and  4*  =  2tt. 

It  is  evident  then  that  a  uniform  nonlinear  array  with  n^+n^  =  n 
elements  will  have  a  directional  pattern  with  2(n-l)  zeros  instead  of 
the  (n-1)  which  would  be  available  for  a  simple  n- element  linear  array. 

The  cos  n4*  / 2  factor  in  the  directional  pattern  is  the  important 
innovation  of  this  type  of  nonlinear  antenna.  This  factor  will  cause 
the  pattern  to  pass  through  zero  for  ijj  =  ir/n,  regardless  of  the  manner 
of  splitting  the  n  elements  into  two  groups.  If  these  n-elements  were 
utilized  as  a  uniform  linear  array,  the  first  zero  would  occur  at 
4*  =  2-n*/ n.  Thus  the  beamwidth  of  the  principal  lobe  of  the  nonlinear 
array  is  approximately  —  that  of  a  linear  array  of  the  same  size. 

Since  the  location  of  n-2  zeros  will  depend  on  the  choice  of  n^ 
and  n^  =s  n  -  n^,  a  number  of  directional  patterns  are  possible  for 
any  fixed  total  number  of  elements,  n.  Figure  1  compares  the 
directional  patterns  which  result  when  n  =  6. 

Variation  in  element  spacing  could  influence  all  of  the  terms  in 
the  equation  for  the  directional  pattern  of  the  array.  Figures  2  and 
3  demonstrate  this  effect,  showing  the  directional  patterns  which 
result  when  the  elements  are  at  spacing  while  the  n2  elements 
are  at  spacing  2d^. 

In  these  figures  and  in  other  investigations  of  the  directional 
patterns,  it  is  apparent  that  the  cos^/d^  4  term  caused  by 


(n1-l)+(n2-l)  =  xi- 2] 
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Figure  1:  Directivity  Patterns  for  a  Six-Element  Nonlinear  Array 
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Figure  3:  Directivity  Pattern  for  Nonlinear  Array  with  Nonuniform  Spacing 


separation  of  group  centers  has  the  greatest  effect  in  narrowing  the 
principal  lobe. 

© 

C.  Data  Processing  by  Correlation  Circuits. 

Data  processing  by  correlation  circuits  offers  an  attractive 
possibility  for  improving  the  presentation  of  the  information  avail¬ 
able  from  an  antenna  array.  Such  a  system  could  be  based  on  the 
multiplication  of  the  output  voltage  of  one  linear  array  by  the  output 
voltage  of  a  second  linear  array  in  which  a  progressive  phase,  shift 
has  been  introduced.  For  example,  using  again  a  to^al  of  six  elements: 


By  providing  a  number  of  phase  shifted  circuits  with  the  progressive 
phase  shifts  chosen  to  form  directional  patterns  whose  maxima 
occur  at  the  zeros  of  the  unshifted  pattern  or  at  the  sidelobe  maxima 
of  the  unshifted  pattern,  a  number  of  such  correlations  processes 
can  be  carried  out.  By  combining  these  correlation  voltages  into  a 
single  output  voltage,  an  improved  directional  pattern  is  formed. 

Figure  4  shows  this  resulting  pattern  for  the  six-element 
array.  The  unshifted  pattern  is  given  by 


P6<« 


sin  6(i|j/  Z) 
6  sin(ijj/2) 


The  phase  .shifted  patterns  are  given  by 


sin  a) 

6  sin  -g  (41  jr  a  ) 


where  a  =  tt/6»,  ir/3i,  W  2,  2ir/ 3',  Ent/ 6,  and  it. 
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By  fully  utilizing  all  of  the  phase  shifted  circuits  connected  to  these 
six  elements,  it  would  be  possible  to  provide  a  number  of  antenna 
patterns,  with  main  beams  displaced  (equally  in'  v|j  )  throughout  360°, 
all  from  a  stationary  array.  This  multiple-beam  antenna  is  not  new, 
but  the  improved  beamwidth  provided  by  the  correlators  permits 
a  refinement  in  performance  without  increasing  the  overall  length  of 
the  array. 

Using  the  same  six  .elements  .to  provide  unshifted  as  well  as 
phase  shifted  voltages  will  not  permit  elimination  of  noise  voltages 
by  averaging.  And  it  does  not  take  advantage  of  the  beam  narrowing 
feature  of  the  cos^d^/d^)^  term  present  when  the  linear  arrays  are 
separated.  Thus'  some  improvement  in  performance  would  be  expected 
from  splitting  the  elements  .into  two  separated- linear  arrays,  with 
progressive  phase  shifting  applied  to  one  of  these  resulting  arrays. 
Figrue  5  shows  the  pattern  which  results  when  the  six  elements  are 

i 

formed  into  two  uniformaly  spaced  three-element  linear  arrays. 


f6<+  )  = 


sin  ’3( 4*  /  2) 
3  s  in(  +  /  2) 


sin  3-i(  4+  a) 

3  sin-^  ( »ji  Hh  a ) 


008(3+  +  a) 


■wher§  a  =.0tt/3,  2tt/3,  and  n . 
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Appendix  1:  THE  PROBABILITY  DISTRIBUTION  FOR  THE  OUTPUT 

NOISE  VOLTAGE  OF  A  TWO-ELEMENT  CORRELATION 
ARRAY. 


A  random  distribution  of  noise  sources  surrounding  a  two-element 
antenna  array  will  induce  voltages  which  can  be  represented  by 
stationary  time  series  w ith Gau s s ian  probability  distributions.  The 
noise  voltages  can  thus  be  completely  described  statistically  by 
specifying  their  cross-  and  auto-  correlation  functions.  Each  noise 
source  will  induce  a  voltage  on  one  element  which  is  identical 
to  that  induced  on  the  other  element,  but  with  a  time  delay  factor 
due  to  the  finite  time  of  travel  of  the  wavefront  from  one  element 
to  the  other.  As  shown  previously,  the  cross-  and  auto- correlation 
functions  of  the  total  induced  voltage  can  be  obtained  by  summing 
the  contributions  .of  the  individual  sources.  For  a  uniform  distri¬ 
bution  of  independent  noise  sources  and  rectangular  band  limiting: 


i  id  zwcbv,  SirnrBs  _  _  „  /(Vk  sin  irBs 

Oj11(s)  =  - -T5~  cos  o)  s  =  R  (0)  - — -  cos  w  s 

T11  irBs  o  n  uBs  o 


ijj12(s) 


R  (0) 
n'  ' 


.  ,  ,irBd. 

sin  k(-£— ) 


k( 


,-jrBd 


.  ,-irBd . 
sm(  -£-) 


sin  irBs 

— =? -  cos  u  s 

irBs  o 


_  ,  .  sin  irBs 

=  VT)  -w-  cosv 


where: 


1)  noiBe  sources  in  element  of  angle  d£2  produce  noise  power 
r[dQ  watts  /cps; 

2)  B  is  bandwidth,  coq  is  center  frequency; 

co 

3)  k  =  ’  and  d  is  element  spacing. 
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The  elements  of  the  system  can  be  represented  as: 

n,  (t)  n2(t) 


When  n^(t)  -  n^t),  circuat  ^at  a  scluare  law  detector; 

the  statistics  of  this  system  have  been  studied  by  several  authors.  ^ 
Emerson  has  shown  that  the  probability  distribution  of  the  output 
voltage  of  the  square  law  detector  is  determined  by  the  eigenvalues 
of  a  linear,  homogeneous,  integral  equation  whose  kernel  is  a  function 
only  of  the  correlation  function  of  the  input  voltage  and  the  impulse 

response  of  the  circuit  employed  as  an  averager. 

3 

Using  this  general  method  Lam  par  d  has  obtained  an  explicit 
solution  for  correlated  input  voltages,  but  only  for  the  case  of  no 
postmultiplier  filtering. 

Although  it  appears  that  there  is  no  explicit  solution  to  this 
general  antenna  noise  problem  when  postmultiplier  filtering  is 
employed,  the  resulting  distribution  can  be  represented  by  an  infinite 
series  whose  significant  terms  can  be  calculated.  If  these  input 
noise  voltages  have  bandlimited  Gaussian  distributions,  the  output 
from  the  averaging  circuit  can  be  expressed  in  terms  of  an  infinite 
series  and  displayed  graphically  in  a  manner  similar  to  that  used 
by  Emerson. 

The  output  voltage  of  the  circuit  is  written  as  a  convolution 

vQ(t)  =  ^  iij(t-u)ii2(t-u)h(u)  du 

^  Emerson,  R.  C.  ,  "First  Probability  Densities  for  Receivers  with 
Square  Law  Detectors",  Jour.  AppL  Phys.  ,  vol.  24,  no..  9,  pp  1168- 
1176,  Sept.  1953.  ' 

2 

Meyer,  M.  A.  and  Middleton,  D.  ,  "On  the  Distribution  of  Signals 
and  Noise  After  Rectification  and  Filtering,  "  Jour.  AppL  Phys,  , 
vol.  25,  pp  1037-1052,  Aug.  1954, 

3 

Lampard,  D.  G.  ,  "The  Probability  Distribution  for  the  Filtered 
Output  of  a  Multiplier  Whose  Inputs  are  Correlated,  Stationary,  Gaussian 
Time-Series,  "  IRE  Trans.  ,  vol  IT-2,  no.  1,  pp  4-11,  March  1956. 
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where  h(u)  is  the  impulse  response  of  the  averaging  circuit.  Since, 
for  this  antenna  situation,  n^(t)  differs  from  n^t)  only  by  the  time 
delay  factor  r  ,  the  output  can  be  written 

v°(t)  =  s,  +  t  -  u)h(u)  du. 

The  moments  of  the  output  distribution  can  be  determined  directly: 


v0(t)  =■  ^  n^(t-u)n^(t  +  t  -  u)h(u)'  du 


For  this,  perfect  ayeraging  circuit 


h(u) 


Then 


0<u<t 

elsewhere 


=1  J0%12(°)  du 

where  i|^.(s)  =  ^(t)n.(t+s)  are  the  correlation  functions  for  the 
bandlimited  noise  voltages. 


=  vQ(t)^~  ~  ~2  ^  ^  h^t-ujn^t-ujn^t-v^n^t-v)  du  dv 


1 

72 


§  y  +-4j12(u'v)2]  du  dv- 


0^0 


2  2 
The- variance  is  cr  =  K2  -  . 

A  general  expression  for  the  moments  could  be  written  in  the  form  of 
an  integrated  integral 
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n^[t-x1)n2(t-x1}  ~ 


n1(t=xi)n2(t-x.) 


dx.  -  -  -  dx. . 
1  1 


The  output  probability  distribution  can  now  be  determined  in  terms 

4  5 

of  a  Gram-Charlier  series,  type  A.  *  If  we  introduce  the  normalized 

variable  _ 

v  (t)  -  v  (t) 
ow  ow 

y  -  — - - - -  s. 

then  a  convenient  expansion  for  the  probability  distribution  of  y  is  given 
by  the  series  grouped  according  to  Edgeworth: 

1  12 

p(y)  =  -L-  e  ■  2y  {1  +  C3H3(y)  +  [  C^y)  +  C^y)]  +  - - }  , 

JET 


where  HJx)  is  the  Hermite  polynomial  of  degree  n  defined  by 


dx' 

where 


,n  1  2  12 

(e"2X  )  =  (-l)nHn(x)  e"2x 


n 


c.  =  *1 
1 


(i  Ofir1 


and  \x.  is  the  i-th  central  moment,  obtained  from  K,,  the  i-th  moment. 

rx  f  x’ 

To  illustrate  the  change  in  the  probability  distribution  of  the 

output  voltage  with  increasing  averaging  time,  let  us  consider  two 

isotropic  antenna  elements  in  a  uniformly  distributed  noisy  medium 

with  an  element  spacing  d  =  .  For  this  element  spacing, 

R  (t)  =  |  R  (0). 
n.  ir  n 

With  no  postmultiplier  filtering  the  distribution  is  given  explicitly 
by  Lampard: 
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P(vo) 


i  [^(O)2  -  ^(o)2]"  2  expfr 


^2(°) 


0  ^x(O)2 


^12(0) 


r>K0  fl*0l 


+n(°> 


^i2(°)  -+12(o) 


^ ’ 


where  K  (x)  is  the  modified  Bessel  function  of  the  second  kind  and 
o'  ! 

zero  order. 

With  postmultiplier  averaging  included,  the  equations  for  the  first 
three  central  moments  of  the  .distribution  are: 


Pi 


=  v 


’  tS0  Rn<T)  du=  Rn(T)  ■  lRn(0> 


P2=o-2=-^  f  f  {[R  (0)Z,+  R  (t)2]  ~  cob2w  (u-v)}  du  dv  . 

2  t2  ^  0  ^0  [ttB(u-v)]  2 


>3-  $  (  ^ 


sin  7rB(a)”U) 
mrB(  co-ul 


cos  o)^(u-v)  cos  c oq(v* 


*u>)  cos  coo(oo-u)  }  du  dv  du> 


The  output  probability  density  functions  are  now  expressed  in 
terms  of  the  Gram-Charlier  series.  They  have  been  plotted  in  Figure  6 
for  selected  values  of  the  bandwidth-averaging  time  product,  Bte 
The  coefficients  have  been  obtained  by  neglecting  the  terms  in  the 
cos  a>o(u-v)  products  which  represent  the  high  frequency  residue* 

Since  in  a  typical  circuit  »B  ,  they  are  vanishingly  small  for  values 
of  Bt  considered  here.  Actual  solution  of  the  integrals  to  obtain  the 
series  coefficients  was  carried  out  on  a  Bendix  G-15  digital  computer. 

For  the  case  Bt  =  0  (no  averaging)  the  curve  is  exact,  and  the 
effect  of  all  frequencies  is  considered. 

For  Bt  =  1,  Bt  =  2,  and  Bt  =  4,  the  convergence  if  fairly  rapid 
(three  terms  of  the  series  required)  for  graphical  accuracy  in  regions 


.  -  ■*&*&*" 


fc> 
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near  the  mean.  Accuracy  for  the  extremes  is  not  claimed,  but  would 
require  additional,  terms-,  in  the  .'series. 

It  will  be  noted  that  the  tendency  toward  normality  with  increasing 
Bt  (increasing  averaging  time)  is  pronounced.  This. is  in  general 
agreement  with  the  results  observed  by  Emerson  for  the  square  law 
detector  and  would  be  expected  from  the  general  behavior  of  integrated 
ttoise  derivable  from  the  Central  Limit  Theorem, 
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Boeing  Aircraft  Company 
Physical  Reiearch  Unit 
Seattle  14,  Washington 
Attn:  Mr.  R.  W.  Illmsn 

Dr.  C.  J.  Bouwkamp 
Phtlljp’s  Reiearch  Laboratories 

N.  V.  Phillip's 
Glowtlampenfabrteken 
Eindhoven,  Netherlands 
VIA  ONR  London 

Brooklyn  Polytechnic  Institute 
Microwave  Reaearch  Institute 
55  Johnson  St, 

Brooklyn  1.  New  York 
Attn:  Dr.  A.  Ollner 

California  Institute  of  Technology 
Pasadena,  California 

Attn:  C,  H.  Papa* 

Cambridge  University 
Radfophystcs  Division 
Cavsndish  Laborstory 
Cambridge,  Englsnd 
VIA  ONR  London 
Altn:  Mr,  J.  A.  Ralcliffe 

Chalmers  Institute  of  Technology 
Goteborg,  Swedtn 
VIA  ONR  London 

Attn:  Prof,  S.  EVelof  and  Prof.  II.  Wellman 


NO.  COPIES 


ORGANIZATION 
Chief,  Bureau  of  Aeronautics 
Navy  Department 
Washington  25,  D,  C, 

Aunt  EL-51  1 

Chief,  Bureau  of  Ship* 

Navy  Department 
Washington  25,  D,  C. 

Attn!  Code  836  i 

Chief  of  Naval  Research 
Navy  Department 
Washington  25,  D.  C, 

Attn:  Cod*  427  1 

Chief  of  Naval  Reiearch 
Navy  Department 
Washington  25,  D,  C. 

Attn!  Code  460  1 

Commander  . 

Air  Force  Olflce  of  Scientific  Reiearch 
Air  Reiearch  and  Development  Command 
Washington  25,  D.  C.  1 

Columbia  Radiation  Laboratories 
Columbia  University 
53B  W,  120th  St. 

New  York  27,  New  York 

Attn!  Librarian  * 

Commander 

Naval  Air  Development  Center 

Johnevillo.  Pennsylvania 

Attn;  AEEL  1 

Commander 

U.S.  Naval  Electronic*  Laboratory 

Sun  Diego,  California  1 

Commanding  General 
Rome  Air  Development  Center 
Griffis s  Air  Force  Bate 
Rome,  New  York 

Attn:  RCRW  ' 

Commanding  General 

Signal  Corps  Engineering  Laboratories 

Evans  Signal  Laboratory  Area 

Building  27 

Bclmar.  New  Jersey 

Attn:  Technical  Document*  Center  1 

Commanding  General 

Signal  Corps  Engineering  Laboratories 

Fort  Monmouth,  New  Jersey 

Attn:  SIGEL-SMB-mf, 

M08- Magnetic  Material*  * 

Commanding  General 
Wright  Air  Development  Center 
Wright-Pattorson  Air  Force  Base 
Ohio 

Attn:  WCREO-2  1 

Commanding  Officer 

Squter  Signal  Laboratory 

Fort  Monmouth,  New  Jersey 

Altn:  V.  J,  Kubhn  1 

Prof.  N.  DeClart* 

Cornell  University 

Ithaca,  New  Ynrk  1 

Department  of  Electrical  Engineering 
Cornell  University 
Ithaca,  New  York 

Attn:  Dr  H.  G.  Booker  l 

Department  »f  Electrical  Engineering 
Yale  University 

New  Haven,  Connecticut  1 

Director.  Naval  Research  Laboratory 
Washington  24,  D.  C. 

Alin'  Code  20fi0  * 

Director,  Navil  Ordnsm-e  Laboratory 
White  Oak,  Maryland  1 

Director,  Naval  Research  Laboratory 
Washington  25.  D.  C. 

Altn.  Code  4250  1 

Douglas  Aircralt  Co,,  Inc  . 

El  Segundo  Division 

El  Segundo,  California  1 

Electric*!  Engineering  Department 
Illinois  Institute  of  Technology 
Terhn-dogy  Center 

Chicago  16.  Illinois  • 

Eire irit  *1  Engineering  Department 

Univertitv  of  Texas 

Box  F.  University  Station 

Austin,  Texas  * 

Electronit  *  Research  Laboratory 

Stanford  Univsrsity 

Stanford,  California 

Alin  Applied  Electronic*  Laboratory 

Document*  Library  I 

Federal  Telecommunications  Laboratories.  In* 
500  Washington  Ave, 

Null ey,  New  Jersey 

Attn  A.  K.  Wing  1 
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ORGANIZATION 
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NO.  COPIES 


NO.  COPIES 


Georgia  Institute  of  Technology 
Atlanta,  Georgia 

Attn:  Mrs.  J.  Fenley  Crosl&nd,  Librarian  1 

Carl  A.  Hedberg,  Head 
Electronic*  Division 
Denver  Research  Institute 
University  of  Denver 

Denver,  Colorado  1 

Hughe*  Aircraft  Company 
Antenna  Research  Department 
Bldg,  U,  Room  2  617 

Culver  City,  California  1 

Hughe*  Aircraft  Company 
Research  and  Development  Library 
Culver  City,  California 

Attn:  John  T,  MUek  1 

Library 

Boulder  Laboratories 
National  Bureau  of  Standard* 

Boulder,  Colorado 

Attn:  Victoria  S.  Barker  2 

Mathematics  Research  Group 
New  York  University 
25  Waverly  Place 
New  York,  New  York 

Attn:  Dr,  M.  Kline  1 

Mr.  Frank  J.  Mullln 

Department  of  Electrical  Engineering 

California  Institute  of  Technology 

Pasadena,  California  1 


Technical  University 

Department  of  Electrical  Engineering 

Delft,  Holland 

VIA  ONR  London 

Attn:  Prof,  J.  P.  Schouten 

University  of  Florida 
Gainesville,  Florida 
Attn:  Applied  Electronics  Laboratory 
Documont  Library 

U.S.  Naval  Po*t  Graduate  School 
Monterey,  California 
Attn:  Librarian 

Watson  Laboratories  Library 
AMC,  Red  Bank,  New  Jeriey 
Attn:  ENAGSI 

Willow  Run  Research  Center 
University  of  Michigan 
Ypsilentl,  Michigan 
Attn:  Dr.  K,  Siegel 

Advisory  Group  on  Electron  Tubes 

346  Broadway 

New  York  13,  New  York 

Bell  Telephone  Laboratories 
Murray  Hill,  New  Jersey 
Attn:  Dr,  W.  Kluver 

California  Institute  of  Technology 
Electron  Tube  and  Microwave  Laboratory 
Pa*adena,  California 
Attn:  Prof.  R,  Gould 


Commanding  Officer 

U.S,  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey 

Attn:  Technical  Document*  Center  1 

Commanding  Officer 

U.S.  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey  1 

Attn:  SIGRA/SL-PRM  (Record*  File  Copy) 

Commanding  Officer 

U.S.  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey 
Attn:  Logistic*  Division  (For  SIORA/SL-PRM) 
(Project  Engineer)  2 

Commanding  Officer 

U.S,  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey 
Attn:.  Technical  Information  Division  5 

(FOR  RETRANSMITTAL  TO  ACCREDITED 

BRITISH  AND  CANADIAN  GOVERNMENT 
REPRESENTATIVES  AND  TO  DEPARTMENT 
OF  COMMERCE) 

Deputy  President 

U.S,  Army  Security  Agency  Board 

Arlington  Hall  Station 

Arlington  12,  Virginia  1 

Director,  U.S,  Naval  Research  Laboratory 
Washington  25,  D.  C. 

Attn:  Code  2027  1 


Naval  Air  Missile  Teot  Center 

Point  Mugu,  California  1 

Office  of  the  Chief  Signal  Officer 
Pentagon 

Washington  25,  D.  C. 

Attn:  SIGET  1 

Office  of  Technical  Services 
Department  of  Commerce 

Washington  25,  D,  C.  1 

Radiation  Laboratory 
Johns  Hopkins  University 
1315  St.  Paul  St. 

Baltimore  2,  Maryland 

Attn:  Librarian  1 

The  Rand  Corporation 
1700  Main  St, 

Santa  Monica,  California 

Attn:  Margaret  Anderson,  Librarian  1 

Randall  Morgan  Laboratory  of  Physics 
University  of  Pennsylvania 

Philadelphia  4,  Pennsylvania  1 

Regents  of  the  University  of  Michigan 

Ann  Arbor,  Michigan  1 

Research  Laboratory  of  Electronics 
Document  Room 

Massachusetts  Institute  of  Technology 

Cambridge  39,  Massachusetts 

Attn:  Mr.  J.  Hewitt  1 

Prof.  Vincent  C.  Rideout 
Department  of  Electrical  Engineering 
University  of  Wisconsin 

Madison  6,  Wisconsin  1 

Royal  Technical  University 
Laboratory  for  Telephony  and  Telegraphy 
Ostervoldgadc  10 
Copenhagen,  Denmark 
VIA  ONR  London 

Attn'.  Prof.  H.  L.  Knudsen  1 

Prof.  Samuel  Seely,  Head 
Department  of  Electrical  Engineering 
Case  Institute  of  Technology 
University  Circle 

Cleveland  6,  Ohio  1 

Signal  Corps  Engineering  Laboratories 

Fort  Monmouth,  New  Jersey 

Attn:  Mr.  O.  C.  Woodyard  1 

Stanford  Research  Institute 
974  Commercial 
Stanford,  California 
Attn:  Dr.  John  T.  Bolljohn 

Division  of  Electrical  Engineering  1 

Technical  Reports  Collection 
303A  Pierce  Hall 
Harvard  University 

Cambridge  38,  Massachusetts  1 


Chief,  Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,  D.  C, 

Attn:  691A4 

Chief  of  Ordnance 
Washington  25,  D.  C. 

Attn:  ORDTX-AR 

Chief  of  Research  and  Development 
OCS,  Department  of  the  Army 
Washington  25,  D.  G. 

Chief  Signal  Officer 
Department  of  the  Army 
Washington  25,  D.  C. 

Attn:  SIGRD 

Chief,  U.S.  Army  Security  Agency 
Arlington  Hall  Station 
Arlington  12,  Virginia 

Commander 

Air  Force  Command  and  Control  Development 
Division 

Air  Research  and  Development  Command 
United  States  Air  Force 
Laurence  G.  Hanscom  Field 
Bedford,  Massachusetts 
Attn:  CROTL 

Commander 

Wright  Air  Development  Division 
Attn:  WCOSI-3 

Wright-Pattcr son  Air  Force  Base 
Ohio 

Commanding  Officer 

Diamond  Ordnance  Fuze  Laboratories 

Washington  25,  D.  C. 

Attn:  Library,  Rm.  211,  Bldg.  92 

Commanding  Officer 
Frankford  Arsenal 
Philadelphia  37,  Pennsylvania 
Attn:  ORDBA-FEL 

Commanding  Officer  and  Director 
U.S.  Navy  Electronics  Laboratory 
San  Diego  52,  California 

Commanding  Officer,  9560th  TSU 

U.S.  Army  Signal  Electronics  Research  Unit 

P.O.  Box  205 

Mountain  View,  California 

Commanding  Officer 

U.S.  Army  Signal  Material  Support  Agency 
Attn:  SIGMS-ADJ 

Commanding  Officer 

U.S.  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey 
Attn:  Director  of  Research 

Commanding  Officer 

Office  of  Naval  Research,  Branch  Office 
1000  Geary  St. 

San  Francisco  9,  California 


The  European  Office 

U.S.  Army  R  and  D  Liaison  Group 

APO  757 

New  York,  New  York  l 

(FOR  RETRANSMITTAL  TO  CONTRACTOR, 

DA  91-591-EUC-1312) 

Hughes  Aircraft  Company 

Culver  City,  California  1 

Attn:  Dr.  Mendel,  Microwave  Tube  Laboratory 

Marine  Corps  Liaison  Office 
U.S,  Army  Signal  Research  and  Development 
Laboratory 

Fort  Monmouth,  New  Jersey  1 

Massachusetts  Institute  of  Technology 
Research  Laboratory  of  Electronics 
Cambridge,  Massachusetts 
Attn:  Prof.  L.  Smullin  1 

OASD  (R  and  E),  Rm.  3E1065 
The  Pentagon 
Washington  25,  D,  C. 

Attn:  Technical  Library  l 

Radio  Corporation  of  America  Laboratories 

Princeton,  New  Jersey 

Attn:  Dr,  L.  S.  Ncrgaard  l 

Raytheon  Manufacturing  Company 
Microwave  and  Power  Tube  Operations 
Waltham  54,  Massachusetts 
Attn:  W.  C,  Brown  i 

Research  Division  Library 
Raytheon  Company 
28  Seyon  St. 

Waltham  54,  Massachusetts  1 

S.  F.D.  Laboratories,  Inc. 

800  Rahway  Avc, 

Union,  New  Jersey  1 

Stanford  University 
Electronic  Research  Laboratory 
Palo  Alto,  California 

Attn:  Prof.  D.  A.  Watkins  1 

Sylvania  Electric  Products 

Physics  Laboratory 

Baysfde,  Long  Island,  New  York 

Attn:  L.  R.  Bloom  l 

U.S.  Navy  Electronics  Liaison  Office 
U.S.  Army  Signal  Research  and  Development 
Laboratories 

Fort  Monmouth,  New  Jersey  1 

Watkins- Johnson  Company 
333  Hillvicw  Avc. 

Stanford  Industrial  Park 

Palo  Alto,  California  1 

Westinghouao  Electric  Corporation 
Research  Laboratory 
Beulah  Road,  Churchill  Boro 
Pittsburgh  35,  Pennsylvania  l 


UNCLASSIFIED 


